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MAD phasing: probabilistic estimate of |F,, |

The method of the joint probability distribution function is
applied in order to estimate the structure-factor moduli of the
anomalous scatterer substructure. The two-wavelength case is
examined: the prior knowledge of the moduli |F"|, |F |, |F; ],
|F; | is used to predict the value of |F,,,| arising from the normal
scattering of the anomalous scatterers. The conclusive formula
is applied to ideal and to real cases: evidence of the usefulness
of the approach is obtained.

1. Notation

N: number of atoms in the unit cell.

a: number of anomalous scatterers in the unit cell.

na = N — a: number of non-anomalous scatterers.

&: statistical Wilson coefficient.

=1+ Afy+if] = f + if": scattering factor of the jth atom. f’
is its real and f” is its imaginary part. The thermal factor is
included.

Ty, = Zjil(fi'z + /). The summation is calculated at the pth
wavelength and is extended to all the atoms in the unit cell.
%, = >1(f°)’. The summation is extended to all the non-

o j=1
anomalous scatterers in the unit cell.
X, = Zle(fj")z. The summation is extended to all the

anomalous scatterers in the unit cell.
. N .

F* = |F*| eXp(l%’;) =Fy= ijlffexf(zﬁllfj)-
Et = Ft/(eZy)’" = Rexp(ipT) = A" + iB".

_ — - N .
F~ = |F~|exp(ip”) = F_n = ) _,_, f; exp(—2mihr;).
E-=F /(eX\)"* = Gexplig™) = A~ +iB™.
FY,F,,Ef =Af +iBf, E; = A, +iB, denote the values for
the pth wavelength.
Fou = |Fodl expli,,, = > i, f{ exp(2rih)).
Eou = le/ (gz(m)l/ = Rmcexp(i(/),m) = A()a + iB(m'
Aano = |F+| - |F7 |

2. Introduction

In SAS (single-wavelength anomalous scattering) techniques
Aano = |[FT| — |F~| plays a central role in the recovery of the
positions of the anomalous scatterers. Indeed, A, is involved
in the so-called anomalous difference Patterson synthesis
(Rossmann, 1961) and, in the form |F*|> — |F~|?, enters into
the so-called ‘odd’ Patterson function (Okaya et al., 1955).
A.no has also been successfully used as an approximate value
of |F”| in direct-methods procedures aimed towards reco-
vering the anomalous scatterer substructure (Mukherjee et al.,
1989).
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Owing to the tunability of synchrotron light, the relevance
of MAD techniques to the solution of protein structures has
strongly increased in recent years. A crucial step for deter-
mining phases via MAD techniques is the determination of the
anomalous scatterer substructure. In the approach suggested
by Karle and Hendrickson (Karle, 1980; Hendrickson, 1985;
Péhler et al., 1990), the following quantities are derived via a
least-squares procedure: the amplitudes for normal scattering
of the anomalous scattering substructure (|F,,|), the amplitude
for normal scattering arising from all atoms (|F7|) and the
difference in phase between F,, and Fr (¢ = ¢7 — @oa). A
Patterson function is then calculated from which the anom-
alous scatterers can be located. The Karle and Hendrickson
approach often leads to unrealistically large |F,,| values: these
should be identified and rejected before the calculation of the
Patterson synthesis (Pahler et al., 1990; Yang et al., 1990).

More recently, a Bayesian approach has been introduced
(Terwilliger, 1994) which exploits the prior information on the
number and type of anomalous scatterers in the asymmetric
unit to derive probabilistic distributions for the expected
values of |F,,|. In particular, Bayes’s rule is used to estimate
the relative probability P(F,,, Fr, &) that each possible set of
values F,,, Fr, o are correct. The best average of each para-
meter is then calculated. The method reduces the tendency of
the Karle and Hendrickson approach to overestimate |F,,|
moduli.

The introduction of selenium into a protein as seleno-
methionine allowed the introduction of anomalous scatterers
directly into the structure, thus facilitating the collection of
diffraction data at useful wavelengths. This experimental
advance encouraged some second-generation direct-methods
programs (Miller et al., 1994; Sheldrick, 1998; Burla et al.,
2001) for locating Se atoms in the asymmetric unit (Smith et
al., 1998; Howell et al., 2000).

The Shake-and-Bake approach (Smith er al., 1998) derives
coordinates of the anomalous substructure from a single-
wavelength set of data. As three or more sets of diffraction
data are usually available from a MAD experiment, the
positions obtained from the solutions from each set of data are
used to identify and confirm the correct solution. Statistical
criteria to normalize and select normalized difference struc-
ture factors for use in direct phasing have been suggested
(Blessing & Smith, 1999).

The two-wavelength case benefited from the special atten-
tion of several authors. Singh & Ramaseshan (1968) described
an algebraic technique using Bijvoet sums and differences
allowing the calculation of |F,,|. Unangst et al (1967)
proposed an alternative technique based on Bijvoet ratios: a
modification of this method was proposed by Cascarano et al.
(1982). Klop et al. (1989) showed that the ratio and sum-
differences techniques are equivalent. They provide two
solutions for |F,,|: the ambiguity is resolved only if one of them
is too large compared with the values allowed by the physical
system.

In this paper, we apply the rigorous method of the joint
probability distribution to estimate the amplitudes, for normal
scattering, of the structure factors of the anomalous scattering

substructure by simultaneously involving into the calculations
the structure factors F, F~ at two wavelengths. The result
may be considered the first step towards the application of the
method to the n-wavelength case. The mathematical approach
we use is able to take into account errors arising from different
sources.

3. The joint probability distribution P(E,,, E;, F3, E7,
E>)

The joint probability distribution P(E', E~) was indepen-
dently obtained by Hauptman (1982) and by Giacovazzo
(1983). From such a distribution, the expected value of
cos(¢" + @) could be estimated and therefore the approx-
imation

AIF") ~ |F)* + |F > = 2|F*F [{cos(¢" + ¢7))

was suggested as a possible estimate of the anomalous scat-
tering substructure (Cascarano & Giacovazzo, 1984), where
F' = Z;':l- f{" exp(2rthr)). Since the information contained in
single-wavelength data is rather poor, in this section we derive
the more useful distribution P(E,,, Ef, Ef, E7, E;). We
separate the normal scattering of the anomalous scatterer
substructure from the other variables. E;, i = 1, 2 denote the
normalized structure factors at wavelengths A; and A,,
respectively. We will also suppose the following.

(i) The positions of all the atoms in the asymmetric unit are
our primitive random variables.

(ii) For the pth wavelength

T _ na o a
Ay =| 2 ff cos(2mhr;) + 21: 1, cos(2mhr;)
=

L j=1

1/2

- ];/‘]; sin(27hr)) + || cos 9;':|/(82Np) ,

By =| Y f7 sin(2rthr;) 4 21: i, sin(27thr;)
=

L j=1

+ D_f;, cos(2mchr;) + |7 | sin 9;:|/(82Np)1/27
=1

A = |: >_ff cos(2mthr;) + ) fi, cos(27rhr))
=1 =1

S|

< _ _ 1/2
+ >_f sinQ2nhr) + |, | cos 6, i|/(eZNp) ,
=
B, =|: — ,; 7 sin(2rhr;) — ; f;, sin(27thr;)
: 1/ . _ 1/2
+ Y fj cos(2mhr)) + |, | sin 6, i|/(82Np) ,
=1
A,y = Y f? cos(2rhr) /(e,,)" "%,
j=1 '

B,, = Y f¢sin(2rhr) /(e%,,)"".
j=1

According to the above notation,

pw =" exp(i6h)
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and

= |1 | exp(i6”)

are the measurement errors relative to F* and F~, respec-
tively. The error is assumed to be a complex quantity because
its effects influence both the real and the imaginary compo-
nents of the structure factors. Since |F,,| is not measured (it
will be estimated from probabilistic considerations), no error
will be associated with it.

(i) (uf) = (u3) = (u7) = (u3) = 0.

(i) (uf m3) = (i my) = (g ) = (U3 py) =
that errors are uncorrelated.
The characteristic function of P(A,,, AT, AT, AT, A7, By, BT,
By, By, By)is

0. This implies

Clutg s uy Uy Uy, vy, Vi V3 VT V)

A exp { - % [k (u, + v7) + kzz(u+2 + V1+2) + k33(”+2 + v;rz)
+ k44(”172 + sz) + k55(u + v, 2) + 2kpy(uiuy —vivy)
+ 2kss(uyuy — v vy ) + 2k (uy vi 4 viuy)

+ 2k3,10(’4;"2_ +viuy) + 2k (s uy —vyvy)

+ 2koy (13 + v{v3) + 25ty — vivy)

+ 2k2,10(“?"2_ +viuy) + 2k (ui vy —viug)

+ 2k (wui” + v Vi) + 2k, (uuy —vvy)

+ 2k (v = vl + 2k (u,vy + v,uy)

+ 2kis(uuy +v,v3) + 2kis(guy = v,vs)

+ 2k18(uavz Vol )) + 2k, a0(ugvy +v,uy)

+ 2k (uy v+ vyuy) + 2kgs(uyuy +vivy)

+ 2k 1oy vy —viup)l}, €]

where u,, ui, us, ..., v; are carrying variables associated with
Aga AT, AT, ..., By, respectively.
(1) can also be written as

C = exp[~} (UKU)] @
where

7 _ + o+ = - + ot = -
U = (u,, Uy, ty Uy Uy, Ve Vi, Vy, V], V)

and K is the symmetric square matrix, the elements of which
are specified as follows:

ki = ke =1

ky = kg = ef =1+ 0] with o7 = (Juf /(SENl)
with 05 = (|3 1°) / (Zy,)
")/ (eZ)

= (luy |2)/(82N2)
ki, = kiy = kg; = —kgy = 59/(Zoa2N1)|/2

kiy = kis = keg = _kmo = Sn/(zouzm)l/z

ki = ky; = kyg = kyg = ks 10 =0

kig = kig = kyg = —kps = Sm/( oa 2 )1/2

kg = k1,10 = —kys = ksg = 512/(20[;21\/2)]/2

k23 = k45 = k9,10 = k78 = (Eo +85+ Ss)/(zm z:1\/2)1/2

kyy = —kg9 = (20 + 51)/21\11

kys = kyy = —k7 10 = —kgg = (2, + S5 — Se)/(zm ENz)l/2
kyy = —ky; = +k4.10 = —ksy = (S7 - Ss)/(zmzm)l/2

kyy = kyy = S3/2N1

kz,lo =kyg = kyg = ks; = (57 + Ss)/(zm 2o
kys = _k8,10 = (20 + SZ)/ZNZ

k1o = ks =S4/ Znas

ks zkxxze;=1+0;2
ky = koo = ey =1+ 072 with 072 = (|u; |?

kss =k o=¢€ =1+ o, % with 05?2

)1/2

where
S1=Za: j/12_f}/1,)’ Sz=;(f,§—f/é) 53—22f1 hit
Sy = ZZf/zf,%, Ss = ;f,—ﬁf/z, Zf”f,2,
S - Zfl 20 Ss = Xa:f/l/ /2» Sy = ;f}of}h
S0 = Zfof Sy = Xa:fff/ Sip = ?f;’f]g

The joint probability distribution function P(A,,, Af, AT, AT,
A3, B,., Bf, B, BT, By) (P for short), is obtained by Fourier
inversion of (2). We obtain
P~ 77(detK)~"/? exp(— L TK™'T)
= 7(det K)_1/2 exp{—[A (45, + B),) + A(A]” + Bf?)
+ A(A37 + BI?) + au(AT7 + BT?) + Ass(A37 + By?)
+ 20, (AT AT — BYBy) 4 255(ATA; — BYB))

+ 2259(AT By + By A7) +225,0(A3 By + BF A;)

+ 2255(ATAT + B BY) +24,5(AT Ay — BYB)

+ 2%,,0(A7 By + B Ay) + 2ng(A+Bz+ - B*A*)

+ 2)‘12(‘40(114?— + B B+) + 2)‘14(Aoa B )

+ 227(A,, BT — B, A) +24,5(4, 81 + B, A7)

+ 2A5(A,,AT + B,,BY) +2x15(A,,A; — B, ,B>)

+ 2)"18(Aoa uaAz—) + 2)\1,10(140032 +B,,Ay)

+ 2434(A7 AT — By By) 4+ 2h39(A7 By + BS AY)

+ 2A;5(ATA; + By By) +2A, (AT B, — BT A}, (3)

where A,, are the elements of the matrix K '. Owing to the
large correlation between the variables of the distribution P,
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(det K) is expected to be close to zero (ill-conditioned matrix).
Values between 1072° and 10~*° are usual for cases commonly
found in practice. Vice versa, (det K™") is expected to be quite
large. The ill-conditioning effect will be large when the
anomalous signal is very small, e.g. this occurs when Af] =~ Af,
or when f|’ =~ fj.

The change of variables

AOZI = ROll Cos (/)ll’

+_ +
Aj = R;cos ¢/,

BOZI = RO{I sm (/)ll’

+_ i ot
B = R;sing;’,

A; = Gjcosg, B =G;sing;
for j = 1, 2 transforms (3) into
P(Roaa R, G, R,, Gy, ¢, Qof—a ceey (/72_)

~ 77°R,,R,R,G,G,(detK)™"/*

X eXP{—[)LnR(zm + )LzzR% + )L33R§ + k44Gf + )LSSG%

+ 2433 R R, cos(¢f — ¢ ) — 2255 R R, sin(g — ¢7)

+ 2004R, G cos(g) + @) 4 20y R, G, sin(py + @)
2295R, G, cos(gf +¢y) + 2% 10R G, sin(g) + ¢5)
2434G1 R, cos(¢y + ¢F) + 2439G R, sin(gy + @)
2435R, G, cos(y +¢7) + 22310R, G, sin(y + ¢5)
205G G, cos(@] — ¢5) — 2Xy 410G G, sin(p; — ¢;)
2h15R Ry c0s(9, — @) — 243R,, R, sin(p, — ¢7)
2h13R R, c0s(9, — ¢7) — 2015 R, R, sin(gp, — ¢3)
2h4R,, G cos(g, + ¢7) — 2414R,,, Gy sin(g, + @)

++ + + + + o+

(4)

Distribution (4) is the main result of this paper. It may be
noticed that (i) all the ;s are positive numbers (to comply
with the classical Wilson statistics) and (ii) the moduli of the
coefficients

Aggs A, )\2,10» A3gs )\3,10’ )‘4,10

are found to be several orders of magnitude smaller than the
others. Indeed, such coefficients cooperate to define the
probability of the expected sign of the invariant sinuses, which
are weak phase relationships (see Hauptman, 1982, and
Giacovazzo, 1983, for the single-wavelength case). They could
also be omitted from (4) without losing valuable information.

4. The conditional probability P(R,,| R, R,, G4, G>5)

No measured value is available for R,,. We will estimate it by
first calculating the conditional probability

P(RoalRl’ RZ’ Gl’ GZ) (5)

and then the conditional mean value ((R,.|R;, Rs, Gy, Gy)).
The derivation of (5) requires first the calculation of

P(Roa,Rl,...,Gz):
21 21
oo [ PR Ry, ... Gy @y ..., 07)dy, ... dgy (6)

2)\'15R00G2 COS((pu + §02_) + 2)“1,10R0aG2 Sin((pa + ‘Pz_)]}

and then estimation of the ratio

P(Ruu’ oa’ Rl’ RZ’ Gl’ GZ) dRoa'

o0
R\,R,,G,Gy)) [ [ PR
The estimate of (6) cannot be performed via exact calcula-
tions. The results obtained in our previous papers (Giacovazzo
& Siliqi, 2001a,b,c) suggest the usefulness of the approxima-
tion

R e I Y (7
We, therefore, introduce (7) into (4). We then obtain
P(Roa’ Pas (pi*—lRl’ RZ’ Gl? GZ) (8)

~ LRoa exp[_kllR?)a - 2RoaQ1 COS((ﬂT - ¢a)
- 2RoaQ2 Sln(‘PfL - (pa)]7

where L is a suitable normalizing constant,

Q) = AMaRy + ARy + 414Gy + 445G,

Q) = ARy + ARy — 219Gy — Ay 196,
From (8) the conditional distribution

P(R,,|Ry., Ry, Gy, Gy) = 20y, Ry exp(—iyy R2,)
x exp(=X?/h (2R, X) (9)

oa

is obtained, where X* = Q? + Q3.
(9) may be rewritten

P(R, IRy, Ry, Gy, Gy) = LW(R,)M(R,, Ay, X)),
where W(R,,) = 2R,.exp(—R2,) is the classical Wilson distri-

oa
bution for acentric crystals, M(R,,, A1, X) = exp[(1 —
*1)R2L,(2R,.X) and L = Ajexp(—X?/Ayy).

The new form of P suggests that prior knowledge of Ry, R»,
G, and G, modifies the Wilson distribution through the
function M, which is the product of two functions: a rapidly
decreasing exponential function (A;; > 1) and the monotonic
increasing function I,,. The form and the location of P will
depend of the A,; and X parameters.

The location may be calculated as follows. Since

oa’

Jx# exp(=ad)l, (bx) = Tl + 1)/2220+2) (10)

1—pn . —b?
P2 /(4 F, | —=: 1. — ),
x explb? /(4] ( . 4a>
where I' and F; are the gamma and the confluent hyper-
geometric function, respectively, from (10) we obtain

» 1 X?
(RolRys Ry, Gy, Gy) =27 (/A Fi( =53 L —— ).
2 Ay
Since | F,(—%; 1; —z?) is well approximated by the hyperbole
y = [1+22%/7"/2]"* in the full range (0, 00), the expected
value of R,, may be calculated via the simpler expression
1 4 x2\'?
(RoalRy, Ry, Gy, Gy) = 5(77/)“11)1/2 <1 + ﬂ)\n> . )
(9) is shown in Fig. 1 for selected pairs (A1, X). The different
location of the maxima and the different sharpness of the

Acta Cryst. (2002). D58, 928-935

Burla et al. + MAD phasing 931



research papers

20+
(b)

(d)

(e)

Figure 1
The probability distribution (9) is plotted for some selected values of Ay
and X.(a)R,,=0.21,11,=49.8,X=7.5;(b) R,,=1.80,11, =1136.4, X=2043.6;
2043.6; (¢) R,a = 3.15, A1 = 101.4, X = 318.8; (d) R,, = 3.44, Ay = 724.5,
X =2488.9; (e) Ry, =4.59, A1 = 110.3, X = 505.7; (f) Rou = 4.75, A1 = 13.3,
X =630

curves suggest that high values of (R,,) do not necessarily
correlate with sharp distributions.
The standard deviation associated with the estimate (11)
may be calculated as follows. Since
(RouIR1. Ry, Gy. Gy)* = (/A + XA

oa

and
(R<2m|R1’ R;, Gu Gz) = )‘1_11 +X2)\1_12
then
T _ 1/2
On, = [RLI..) = (Rl = [ (1=F)2]
from which

1/2
(Roal--) _ [n/4 +X2/)LH} ' (12)

Or 1—m/4

Since Aq; is always expected to be positive, the expected values
of (R,,) and of oy are always positive.

As well as the reflections with the largest values of F.s/0p,
which play a central role in most crystallographic calculations,
the reflections with the largest value of the ratio (12) are likely
to be the most useful ones. Fig. 2 shows that (12) is a mono-
tonic function of z = X*/A,;: accordingly, large z values will
characterize accurate estimates. Since large values of X* define
large values of R2,, a large percentage of accurate estimates
are expected to be associated with large values of (R2,]...).
This result is quite encouraging; indeed, the efficiency of direct
methods (see §6) increases when they are applied to large
normalized structure-factor moduli.

7
=
6
5
4
i3
2
1
0
0 1 2 3 4 5 6 7 8
Figure 2 )
Plot of y = [(/4 + z)/(1 — 7/4)]"~
Table 1
Expected Af’ and f” values for each chosen A value.
Cyanase Isrv
Wavelength Wavelength
A) Af f A) Af I
A 10781 —2112 0595 A, 11271 —1.805 0.646
Ay 09795 —9.643 0499 X, 0.9793 —8.582  3.843
Az 09793 —8582 3843 A3 09791 —7.663  3.841
Ay 0.9465 —2.618 3578 A, 0.9465 —2.618 3.578

5. The centric case

In the centric case |F,[| = |F, | = |F,|. We therefore study the
joint probability distribution function

P(E

oa’

Al’A27Bl7B2) (13)

where

a2
E,, =2)f’cos 27rhrj/2},{‘2
=

na/2 a/2
A, <2 3 f{ cos 2mthr; + 2 ;f]; cos 2rhr;

j=1 J

+ I/LI,Icosep>/(z3231\,[,)l/2
aj2 . 12
B, :(22}3—1, cos 27thr;, + |, | sin 9p>/(£ENp) .

The characteristic function of (13) is
Clug, uy, uy, vy, v,) ~ exp(— 1 UKU), (14)

where K is the symmetric matrix

U So/(B By Su/(Bo 2 S/(Z0 ) S0/(BeZn)?
€ (Z, +85)/ (s z:/\/2)1/2 S3/(22N1)1/2 S7/(Zn 23/\/2)1/2

K= ¢ Ss/(EniZy)? S/QEW |
(815 + 512/2) Se/(Zn 2JNz)l/2

(S +0§/2)

932
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ey =1+07/2, &,=1+0/2,
Si3 = (;f;ﬁ)/zm, Sy = <_Xl:ﬁ2,2>/21\/2
j= Jj=

U = (uaﬂ Uy, Uy, Vy, VZ)'

and

The distribution (14) is the Fourier transform of (14). We
obtain

P(E,,.A,, A,, B,, B)) ~ (21) *(detK) "/

x exp[—3 (A Egy + AppAT + A33A3 + Ay B + AssB)
+ 2}“12E‘0a‘41 + 2)“13E0aA2 + 2)“14E‘oazB1 + 2)“15E‘0{1B2
+ 243414, + 245,A1 B, + 2454, B, + 203,A,B,

+2X35A,B, +205B, B,)].

oa’

The change of variables
A, =R cosp,, A,=R,cosg,
B, =R;sing;, B, =R,sing,

and the approximation ¢; ~ ¢, led to

P(E,Ry, Ry, 1) ~ (21) R, Ry(det K) ™'
x exp{— %A‘llez)a + }I()‘zz + Ai)RT + zlt()‘33 + As5)R5
+ %()‘23 + AR R, + %Xl cos[2(p, — §))]
+ Ep X0 c08(9; — §,0)},
where

X12 = {[R%()sz —hy) + R%()‘B — Ass) + 2R Ry(Ay3 — )\45)]2
+ ARy + Ridss + RyRy(os + 23T’}
= X123 + Xlz'r
tan 2§, = X7/ X p
Xga = (AR, + )“13R2)2 + (AR + )‘15R2)2
= XgaB + X(%aT
= Xour/ X,

tan goa oaB*

On assuming 2¢; ~ 0 and ¢; & 0, 7, we obtain the conditional

distribution
P(E, R, R)) &~ Lexp(—3A; R},) cosh(R,,X,,),  (15)

oa

where L is a suitable normalization constant. By applying

o0 12
of exp(—Bx?) cosh(ax) dx = % (%) exp (Z_;>

to normalize (15) and

Ofoxz exp(—px*) cosh(ax) dx = 7'/? (2 +a) exp (aZ)

8F A2 \4p
to obtain the expected value of R2,, we obtain
(Rou|Ry. Ry) = Ayl + X, . (16)

(16) is the desired relation in centric space groups.
Considerations similar to those described for the acentric
case lead to

T, _ _
(Roa|R17 R2> = Z)‘n] + ona)‘nz'

6. Experimental applications

To check the usefulness of our probabilistic approach we
applied our conclusive formula (11) to the following two test
structures (selenomethionine MAD data).

(i) 1srv (Walsh et al, 1999), space group C222,, unit-cell
parameters a = 63.47, b = 65.96, c = 75.03 A, 1186 non-H atoms
and three methionines in 145 amino acids. Multiwavelength
data to 2.27 A resolution were collected. This crystal structure
was originally undertaken to check the feasibility of ultrafast
protein crystal structure determination via MAD techniques.

(ii) Cyanase (Walsh et al., 2000), space group P1, unit-cell

parameters a = 76.34, b = 81.03, ¢ = 82.30 A, a=70.3,8=722,
y = 66.4°, 13965 non-H atoms and 40 methionines in 1560
residues. Multiwavelength data to 2.4 A resolution were
collected.
(11) was first applied to calculated data without errors (i.e. |E]
without errors, o5 /|E| = 0.01). 7303 reflections (to 2.27 A
resolution) for 1srv and 64 022 reflections for cyanase (to
24 A resolution) were computed for the various wavelengths
quoted in Table 1. To check the relative efficiency of (11) we
calculated for our test structures the values of

R, = Z |(Roa)z - (Rna>|
T YR

where (R,,), is the true value of R, The estimates are quite
good for some pairs of wavelengths. However, in spite of the
fact that we are using data without errors, the R, values are
dispersed over a rather wide range (between 0.09 and 0.41).
Their trend can be correlated with the values of the pair
(A, A'"%), where

A/Z — [(Af,)ki _ (Af,)kj]z and A//Z — )Z _f)(;)z

Pairs of wavelengths showing sufficiently large values of both
A% and A"? are characterized by low values of R4; vice versa,
cases for which at least one of A”” and A”? is very small show
large values of R,. While this result may be reasonable when
observed data are used, this is unexpected in the case of
Table 2, where calculated (without error) data are used.

Two questions are therefore still open: (i) why do we end
with different R4 values for different wavelength pairs and (ii)
why is the correlation between R, and the pair (A, A”"%) not
very high [i.e. for cyanase R, = 0.14 when (A%, A"?) = (35.6,
0.1), while R4 = 0.19 when (A"*, A""?) = (49.4,9.5)]? We cannot
conclusively answer the two questions, but we suggest the
following limiting factors for our approach: (i) our joint
probability distributions neglect terms of high order (a simple
Gaussian distribution is proposed) and (ii) the use of the
approximation (7) [the anomalous scatterer contribution is
responsible for the small phase differences among Friedel
pairs, which are assumed to be zero]. In spite of the previous
limitations, Table 2 suggests that our approach is able,
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Table 2
Calculated data.

provided a favourable pair (A%, A"?) is
used, to estimate the R, values with quite
high accuracy, given the four magnitudes
Ff, F7, F and F; .

R4 values for the different pairs of wavelengths (A;, A;) and for each test structure. The values of the
quantities A? = [(Af),; — (Af"),;]’ and A™ = (f}; — f;)” are also given.

To check how sensitive the method is to (Ms A2) (A1s A3) My hg) (Ao A3) (A2 Ag) (A3s Ag)
the assumed content and scattering factors Cyanase R, 037 011 041 0.40 0.19 014
of the anomalous structure, we used the (A%, A (567,00) (429,10.5) (0.3,89) (1.1,112) (494,95) (356,0.1)
cyanase calculated data and (i) varied the Isrv Ry 0.14 0.09 0.34 0.39 0.35 0.37
number of anomalous scatterers (up to (A2, A?)  (45.9,102) (34.3,102) (0.7,8.6) (0.8, 0.0) (35.6,0.1) (25.5,0.1)
+40% of the expected content) and (ii)
modified f and f” for each wavelength (up
to £40% of their expected values). The resulting R, values Table 3

did not vary for more then a few units percent (typically from
0.36 to 0.39, from 0.15 to 0.18).

We now check the average efficiency of our formula (11)
versus the observed data. The results are shown in Table 3.
While the R, values are of moderate size for 1srv, the larger
experimental errors in cyanase data lead to larger R, values.
Since the experimental errors (in the statistical sense) increase
the dispersion of the anomalous differences and of the
dispersive differences, the expected consequence for our
probabilistic approach is the overestimation of the large R,,
values. For example, in Table 4 we give for the pair (A, A,) of
cyanase the number of reflections (N,) for which (R,,) >
TRH and the respective value of R 4. To check whether (11) is
overestimating or underestimating the R,,, values in the set, we
calculated for each set of reflections the residual

_ 2Ry — (Ry,)
SRa==Ty®,

A negative value of SR, indicates overestimation and a
positive value underestimation. Table 4 clearly suggests that at
large TRH values (11) overestimates, while it underestimates
at low TRH value. The same trend has been verified for 1srv.

To obtain an insight into the efficiency of our probabilistic
approach, we have applied the program REVISE (Fan et al.,
1993; Collaborative Computational Project, Number 4, 1994)
to the observed data of cyanase and 1srv. REVISE provides
estimates of quantities

_ |F/|2 + |F//|2

M=—">n-——
Af/z +f/72

(17)

via a least-squares procedure, minimizing undesirable fluc-
tuations of the experimental data. F’ and F” are the real and
imaginary parts of the anomalous scattering structure factor,
respectively. The discrepancy index R, calculated for the
quantity (17) (all reflections included), using all four wave-
lengths simultaneously, is 0.46 for cyanase and 0.51 for 1srv.
As soon as the (R,,) estimates were available, the crystal
structure solution of 1srv and cyanase was attempted by
traditional direct-methods procedures. About 600 reflections
for 1srv and 2000 for cyanase (those with the largest values of
(R,q) were selected, triplet invariants were calculated and the
tangent formula applied in a multisolution random approach.
For both the test structures, the traditional figures of merit
clearly indicated the good solutions. The results are as follows.

Experimental data: the values of R4 for the acentric reflections of the test
structures.

(A, 22) (A As) (A da) (Ao, d3) (Ao, Aa) (Rs, Ad)
Cyanase R, 0.39 0.41 0.46 0.42 0.42 0.44
1srv R, 039 0.33 0.36 0.38 0.35 0.34

Table 4
Experimental (A, A,) data of cyanase.

N,et(i) is the number of reflections for which (R,,) is larger than TRH(i) and
smaller than TRH(i + 1) (e.g. Nt = 658 is the number of reflections for which
(R,q) is larger than 0.3 and smaller than 0.6); R, is the corresponding residual
value.

TRH 0.00 030 0.60 0.90 1.20 1.50 1.80 2.10

Niet 27 658 26359 19634 5048 1616 485 236
R4 239 079 045 0.38 0.32 0.28 0.25 0.27
SR, 232 054 002 -001 -002 —-0.03 -0.07 —0.12

For 1srv, the crystal structure solution succeeded for each
pair of wavelengths. The average number of good solutions
among 40 trials was three; each of them correctly locating all
the three Se atoms.

For cyanase, the crystal structure solution was tried for the
pairs (A, A,) and (X, A3). Eight good solutions over 40 trials
were found for the first pair, locating (on average) 38 of the 40
Se atoms. For the second pair of wavelengths, 36 good solu-
tions over 40 trials were found, locating (on average) 34 of the
40 Se atoms.

7. Conclusions

A probabilistic theory has been described which is able to
obtain, via two-wavelength diffraction data, reliable estimates
of the structure-factor moduli of the anomalous scatterer
substructure. The approach has been successfully applied to
the experimental data of two test structures. The method has a
large power reserve. Indeed, it may be easily generalized to
more than two wavelengths, thus becoming able to exploit the
full information of a MAD experiment; also, our tests did not
use any filtering criterion. These statistical criteria play a
central role in excluding unreliable data and are usually based
on the normalized differences at the given wavelength (Bles-
sing & Smith, 1999). The nature of our probabilistic approach
can profit by filtering criteria which use dispersive differences
in addition to anomalous differences.
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Our next efforts will be devoted to devise a probabilistic
procedure able to exploit the opportunities described in the
three points above.

The authors thank one of the referees for useful comments.
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